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Abstract. In the present paper we obtain the hst of algebras, up to isomorphism, such that closure 
of any complex finite-dimensional algebra contains one of the algebra of the given list. 
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1. Introduction 

It is known that any rt-dimensional algebra over a field F may be considered as an element A of the 
afhne variety Hom(V Cg) V, V) via the bilinear mapping X : V (S^ V V on a vector space V. 

Since the space Hom{V ® V, V) form an n'^-dimensional affine space B{V) over F we shall consider 
the Zariski topology on this space and the linear reductive group GLn{F) acts on the space as follows: 

{g^X)ix,y)^g{\{g-\x),g-\y))). 

The orbits (Or6(— )) under this action arc the isomorphic classes of algebras. Note that algebras 
which satisfy identities (like, commutative, antisymmetric, nilpotency etc.) of the same dimension 
form also an invariant subvariety of the variety of algebras under the mentioned action. 

In the study of a variety of algebras play the crucial role closures of orbit of algebras. Since closure 
of open set forms irreducible component of a variety, algebras whose orbits are open (so-called rigid 
algebras) give the description of the variety of algebras. One of the tools of finding rigid algebras are 
degenerations. The description of a variety of algebras by means of degenerations can be interpreted 
via down directed graph with the highest vertexes rigid algebras. Since any n-dimensional algebra 
degenerates to the abelian (denoted by a„), any edge ends with the algebra a„. For some examples of 
descriptions of varieties by means of degeneration graphs we refer to papers [U El 1^ and others. 

In the paper of V. V. Gorbatsevich P] the nearest-neighbor algebras in degeneration graph (algebras 
of level one) to the algebra a„ are investigated. Namely, such algebras in the varieties of commutative 
(respectively, antisymmetric) algebras are indicated. 

For the case a ground field is algebraic closed from [3] it is known that closures of orbits of algebras 
(denoted by Orb{—)) in Zariski and Euclidean topologies are coincide. That is A e Orb{ii) can be 
realized by the following: 

3gt e GL„(C(t)) such that limt/t * X — 

where C(t) is the field of fractions of the polynomial ring C[t]. 

In this work we show that the paper [2] has some incorrectness and we describe all algebras of level 
one in the variety of all complex finite-dimensional algebras. 

Let A and fi are complex algebras of the same dimension. 

Definition 1.1. An algebra X is said to degenerate to algebra fi, if Orb{fi) lies in Zariski closure of 
Orb{X). We denote this by X ^ fi. 
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The degeneration A — is called a direct degeneration if there is no chain of non-trivial degenerations 
of the form: X fi. 

Definition 1.2. Level of an algebra X is the maximum length of a chain of direct degeneration. We 
denote the level of an algebra X by leVn{X). 

Consider the following algebras: 

pt ■ eiCj = ei, CiCi = ±ei, i>2, 

nf : 6162 = 63, 6261 = ±63. 

Theorem 1.3. 2 Let X be an n-dimensional algebra. Then 

L if the algebra X is skew-commutative, then Zew„(A) — 1 if and only if it is isomorphic to or 
(with n > 3) to the algebra n'^ © Qn-s- In particular, the algebra X is a Lie algebra. 

2. if the algebra X is commutative, then leVn{X) — 1 if and only if it is isomorphic to p'^ or (for 
n > 3) to the algebra © On-s- In particular, the algebra X is an Jordan algebra. 

2. Main result 

In this section we describe all complex finite dimensional algebras of level one. 
Consider following algebras 

A2 : eiei = 62, 

Vnia) ■ eisi ^ ei, ciCi ^ aci, aei = {1 - a)ei, 2 < i < n. 
In the following proposition we prove that algebras p^ and n'^ © an-3 are not of level one. 

Proposition 2.1. p+ — s> A2 © a„_2 o,nd © a„_3 ^ A2 © a„_2- 

Proof. The first degeneration is given by the family of transformations gt : 

gt{ei)=t ^ei ^62, 34(62) = —62, gt{ei) = t '^a, 3 < i < n. 

The second one is realized by the family ft : 

ft{ei) = t ^ei-t ^63, /j(e2)=t ^63, /j(e3) = — 62, ft{ei) = Ci, i < i < n. 

□ 

The above Proposition shows that the second assertion of result of Theorem 11.31 is not correct. 
In order to prove the main theorem we need the following interim result. 

Proposition 2.2. Any n-dimensional [n > 3) non-abelian algebra degenerates to one of the following 
algebras 

Pn, n^(Ban^3, A2©a„_2, J^nCa), a e C. 

Proof. Let A be an 71-dimensional non-abelian algebra. 

Firstly we consider the case when A is antisymmetric algebra. Clearly, xx = for any x of A. 
If there exist elements x,y G A such that xy ^< x,y >, then we can consider a basis of A : 



ei = X, 62 = y, 63 = xy, 64, . . . , 6„. 
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It is easy to check that algebra A degenerates to the algebra rig © a„_3 by the use of the family gt : 

gt{ei) =t~^ei, gt{e2) = t~^e2, gt{ei) = t~'^ei, 3 < i < n. 

Consider now the contrary case, i.e. xy G< x,y > for all x,y G L. Then the table of multiplication 
of the algebra A have the form 

eiCj = ^Ij^i + Tijej, l<i,j <n. 

Since the algebra A is non-abelian, without lost of generality, we can assume 7^ 2 7^ 0. 

Taking the change e'^ = -4—ei, e'2 = €2 + T^ei, we can suppose 6162 = 62. 
Consider the product 

ei(e2 + ei) = 71^^61 + (62 + e^) + {-y^i - l)ei. 

Taking into account ei(e2 + e^) G< 61,62 + > we deduce 'fl ^ = 1, 3 < i < n. Setting 6- = 
+ 7i i^i' 3 < i < n, we obtain eiCj = ej, 2 <i <n. 
Putting gt as follows: 

gt{ei) = 61, gt{ei) = t~'^ei, 2<i<n, 

we get limt_^o 9t*A = p-. 

Now wc assume that the algebra A is not antisymmetric. Then there exists an element x of ^ such 
that XX 0. 

Case 1. Let there exists x of the algebra A such that xx ^< x > . Then we can chose a basis 
61 = X, 62 = XX, . . . , 6„. The degeneration ^ — > A2 © an-2 is realized by the family gt : 

.9t(ei) = t^^ei, gf.{ei) ^t'^a, 2 < i < n. 

Case 2 Lot xx e< x > for all x & A. Then for any x,y € A we have (a; + 2/)(a; + y) = xx + xy + 
yx + yy e< x + y > . Therefore, xy + ya; G< x,y > . 

If there exist elements a; and y such that xy ^< x,y >, then we chose a basis {61 = a;, 62 = y, 63 = 
6162, . . . , 6„} of the algebra A. The following family 

5t : 9t{ei) = t"^6i, 5(t(62) = t"^62, ^4(6^) = i"^6i, 3<i<n 

derives the degeneration A — >■ © a„_3. 

Now we consider the case when xy e< x,y > for all x,y G A. Then for a basis {61, 62, 63, ... , 6„} 
of j4 we have 6^6^ = a^ei, 1 < i < n. Taking into account that algebra A is non-antisymmctric, wc can 
suppose ai ^ 0. Without loss of generality we can assume ^ 0, 1 < i < k and = 0, k+1 < i < n. 
By scaling of basis elements we get 6i6j = e^, 1 < i < k, = 0, k + 1 < i < n. 

The includings of the following products 

(61 ± ei)(ei ± 6i) = 61 ± 6i6i ± 6i6i + 6i €< 61 ± 6i >, 

imply 6i6i + 6461 = 61 + 6i, 1 < i < k. 
Similarly, we obtain 

6i6i + 6i6i = 6j, k + 1 < i < n. 

Making the the change of basis 

6^ = 6i — 61, 2 < i < A: e'^ = Ci, k + 1 < i < n, 
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we get the following products 

eici = ei, e^e^ =0, 2 < i < n, CiCi = a^e^ + /3^ei, e^ei = (1 - ai)ei - /SiCi, 2 < i < n, 

for some ai,(3i S C. 
The product 

ei(ei + Cj) = {aj - ai)ej + ai{ei + e^) + {Pi + /3j)ei 

and ei(ei + e^) G< ei, + Cj > imply = a, 2 < i < n. 

The degeneration v4 ^> ^'n(Q^) which is realized by using the family 

9t ■ 5t(ei) = ei, gtici) = t^^e^, 2 < i < n, 

complete the proof of proposition. □ 

Theorem 2.3. Let A be an n-dimensional (n > 3) algebra of level one, then it is isomorphic to one 
of the following algebras: 

Proof. Due to Proposition 12.21 it is sufficient to prove that these four algebras do not degenerate to 
each other. 

Since p~ and On-s are antisymmetric algebras, but A2 ® an-2 is commutative, we obtain 
Orb[pn) n Orb{\2 © 071-2) = and Orb{n^ (B a„_3) fl Orb{\2 (B an-2) = {on}- Moreover, algebras 
and A2 ® an-2 are nilpotent, but p„ and J^(ck) are not nilpotent. Therefore, and 
A2 © a„-2 do not degenerate to algebras p^ and 

Let us show that Orb{pn) — {p^,a„}. Consider a family of basis transformation gt of the algebra 
p~ . Then we have 

n n 

etej = lim gt{g^^{ei)g^'^{ej)) = lim gt(^ A,fc(t)efc ^ /3j,fc(i)efe) = 

k=l fc=l 
n n n 

lim5t(A,i(t)^/3,-fe(t)efe -/3j,i(t)^A,fc(t)efe) = lim 5t(/3,,i(i) ^ fc(t)efe- 

fe=2 k=2 k=l 

n 

E'^'.'^W^'^) = limgt(/3M W5r'(ej) - /3jM(t)gr'(e»)) = lim(A,i(t)e, - I3,,i{t)e,). 

k=l 

If limt_>.o = for any i, then we get the algebra a„. 

If there exist io {I < iq < n) such that limf^o Ao,i(^) — Ao 7^ 0; then without lost of generality we 
can suppose iq = I. 

Taking the change of basis e'l = -^^i, e'i = Si — in the algebra limt^o gt *Pn have 

Thus, we obtain lim^-^o gt*Pn — Pn- 

In a similar way we show that Orb(i>{a) = {iy{a), a„}. 
Consider 

n n 

CiCi = liui gt{g^r'^{ei)g:[^{ei)) = lini /3i,fc(t)efc ^ ^i,fc(t)efe) = 

fc=i fc=i 

n n 

limgt(/3i,i(t)2ei + /3i,fc(0efc) = 1™ A,fc(Oe/c) = limA,i(i)ei, 

fe=2 fc=l 
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fc=i fc=i 

n n 

lim5t(A,i(i)/3j-i(i)ei +aA,i(t)^/3j-fc(t)efc + (1 - a)/3j- i(f) ^ /3,,fc(i)efc) = 

k=2 fe=2 

n n 

\im gt{aP^,i{t)Y,p3Mt)ek + (1 - a)l3j,i{t)Y, l3i,k{t)ek) = lim(aft,i(i)ej + (1 - a)0j,i{t)ei). 

k=l k=l 

If liint_,.o = for all j, {1 < i < n) then wc have the algebra a„. 

If there exist io (1 < io < 7^-) such that limt_j.o (3io,i{t) = ^ 0, then, without lost of generality, 
we can assume that 7^ for 1 < i < fc and = for A; + 1 < i < n. 
Taking the change 

e'l = -^ei, e\ = \-ei - -^ei, 1 < i < fc, e- = e,, fc + 1 < i < n 

Pi Pi PI 

in the algebra limt^o ,9t * Vn{a), we derive the table of multiplication: 

e'j^e']^ = e']^, e'j^e^ = ae^, 2 < i < n, e'^e'i = (1 — a)ei, 2 < i < n. 

□ 

Remark that two-dimensional algebras of level one are the following 

P2, A2, i'2{a). 
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